Following previous work of ours in spherical symmetry, we here propose a new parametric framework to describe the spacetime of axisymmetric black holes in generic metric theories of gravity. In this case, the metric components are functions of both the radial and the polar angular coordinates, forcing a double expansion to obtain a generic axisymmetric metric expression. In particular, we use a continued-fraction expansion in terms of a compactified radial coordinate to express the radial dependence, while we exploit a Taylor expansion in terms of the cosine of the polar angle for the polar dependence. These choices lead to a superior convergence in the radial direction and to an exact limit on the equatorial plane. As a validation of our approach, we build parametrized representations of Kerr, rotating dilaton, and Einstein-dilaton-Gauss-Bonnet black holes. The match is already very good at lowest order in the expansion and improves as new orders are added. We expect a similar behavior for any stationary and axisymmetric black-hole metric.
I. INTRODUCTION
The existence of an event horizon would be indisputable if it was obtained by the direct observation of gravitational waves from a perturbed black hole. This is because the gravitational response of a perturbed black hole would be intrinsically different from that of another putative compact object who would have essentially the same properties in terms of electromagnetic emission (see Refs. [1, 2] for the case of gravastars).
Properties of the event horizon could probably be studied through analysis of an electromagnetic spectrum of the accreting matter [3] . The radio compact source Sgr A * , which is assumed to be a supermassive black hole at the center of our Galaxy, is the best option for such investigation of the event horizon. Recent radio observations of Sgr A * achieved scales comparable to what should be the size of the event horizon [4] . In the near future, very long baseline interferometric radio observations are expected to image the so-called black-hole "shadow" [5] -the photon ring marking the surface where photons will have their smallest stable orbit [6, 7] . In addition to providing the evidence for the existence of black holes, these observations could also help in testing the no-hair theorem in general relativity [8] [9] [10] [11] as well as testing of general relativity itself against a number of alternative theories of gravity.
Because of the large number of alternative theories of gravity and some possibility that the "true" theory is yet unknown, it is reasonable to develop a model-independent framework which parametrizes the most generic black-hole geometry through a finite number of adjustable quantities. These quantities must be chosen in such a way that they can be used to measure deviations from the general-relativistic black-hole geometry (Kerr metric) and could be estimated from the observational data [12] . This approach is similar in spirit to the parametrized post-Newtonian approach (PPN) which describes the spacetime far from the source of strong gravity [13] .
One of the first such parametrizations for black holes was proposed by Johannsen and Psaltis [14] , who expressed deviations from general relativity in terms of a Taylor expansion in powers of M/r, where M and r are the mass of the black hole and a generic radial coordinate. While some of the first coefficients of the expansion can be easily constrained in terms of PPN-like parameters, an infinite number remains to be determined from observations near the event horizon [14] . As pointed out by Ref. [15] , this approach faces a number of difficulties:
(i) A generic metric would be described by an infinite number of roughly equally important parameters, making it difficult to isolate the dominant ones.
(ii) The parametrization can be employed to study small deviations from general relativity, but fails for essentially non-Einsteinian theories of gravity, such as, for example, Einstein-dilaton-Gauss-Bonnet (EDGB) gravity with large coupling constant [15] .
(iii) The adoption of the Janis-Newman transformations [16] in the Johannsen-Psaltis parametrization [14] does not allow one to reproduce alternatives to the Kerr spacetime, for examples in dilaton or Chern-Simons modified gravity.
As a result, despite the best intentions and the wide adoption of this metric, the Johannsen-Psaltis approach basically does not seem to be a robust and generic parametrization for rotating black holes. In a previous paper of ours [17] , the solution to the above issues was proposed for arbitrary spherically symmetric black holes in metric theories of gravity. This was achieved by expressing the deviations from general relativity in terms of a continued-fraction expansion via a compactified radial coordinate defined between the event horizon and spatial infinity. The superior convergence properties of this expansion effectively reduced to a few the number of coefficients necessary to approximate such spherically symmetric metric to the precision that can be in principle probed with near-future observations.
In this paper we extend our approach to arbitrary axially symmetric spacetimes, describing rotating black holes in metric theories of gravity. In particular, using an asymptotic spherical coordinate system and starting from the metric functions as expressed on the equatorial plane, we perform an expansion in terms of powers of cos θ, where θ is the polar coordinate. Under appropriate choice of coordinates, leading to the Boyer-Lindquist ones in the case of zero deviations from the Kerr geometry, the expansion in cos θ in the polar direction provides excellent convergence for known black-hole metrics, such as rotating Einstein-dilaton-Gauss-Bonnet and Johannsen-Psaltis ones.
For a number of other cases, such as Kerr, Kerr-Newman, Sen and others, the expansions in terms of powers of cos θ converge to the corresponding exact solutions already at the second order. At the same time, when the metric components are expressed as rational functions of the radial coordinate r, the expansion in the radial direction follows the same behavior discussed in [17] and thus converges rapidly with a finite and small number of terms. As a result, with the approach introduced here, a number of black-hole metrics, including the Kerr spacetime, are reproduced "exactly" and in the whole space, i.e., from the event horizon out to spatial infinity.
The paper is organized as follows: In Sec. II we describe a general ansatz for axisymmetric black holes, which is further constrained by a specific coordinate choice developed in Sec. III. Section IV is devoted to construction of the generic parametrization, while in Sec. V we present the general procedure for calculation of multipole moments through the properties of the circular geodesic motion of particles around black holes. Section VI is devoted to construction of the parametrization for a dilaton rotating black hole and we illustrate there how the parametrization has superior convergence by computing the binding energy for exact and parametrized (at different orders) dilaton black-hole spacetimes. Section VII presents instead the parametrization for an Einstein-dilaton-Gauss-Bonnet (EDGB) rotating black hole. Finally, Sec. VIII summarizes our results and presents our conclusions. To facilitate the use of our parametrized metrics, Appendix A provides a collection of the explicit expressions of the parametrized metrics for a Kerr, dilaton, and EDGB black hole.
II. AXISYMMETRIC BLACK HOLES
The general form of an axisymmetric line element allows the coordinates t and φ to be along the direction selected by two Killing vectors that are timelike and spacelike, respectively. It is convenient to choose the other two spacelike coordinates, ρ and ϑ to be mutually orthogonal and orthogonal to the coordinates t and φ, such that (ρ, θ, φ) are spherical coordinates at spatial infinity. In this way the general form of the metric tensor for axially symmetric spacetimes can be written as
where f (ρ, ϑ), β(ρ, ϑ), σ(ρ, ϑ), κ(ρ, ϑ), and ω(ρ, ϑ) are some dimensionless functions of the two coordinates ρ and ϑ. A generic axisymmetric black-hole spacetime with line element expressed by (1) is expected to have a compact axisymmetric event horizon. Outside the horizon the introduced functions f (ρ, ϑ), β(ρ, ϑ), σ(ρ, ϑ), κ(ρ, ϑ) are finite and positive definite, so as to avoid any "metric issue", such as singularities, closed time-like trajectories, etc.
Given the metric (1), it is easy to find that
and
From the latter expression we conclude that the Killing horizon (i.e., the surface defined by the null Killing vector) is given by
while the ergoregion is instead defined as
Since ω(ρ, ϑ) is finite at the Killing horizon, the ergosphere always touches the horizon at the poles ϑ = 0, π.
Further we shall consider the rotating dilaton black hole (or Kerr-Sen) black hole [18] or axion-dilaton black hole with zero Newman-Unti-Tamburino (NUT) charge [19] ) as one of the examples. The above five functions for this black hole are
where a ≡ J/M and b are parameters of rotation and dilaton respectively, and µ ≡ M −b, where M is the black-hole mass. Clearly, when b = 0, the above metric components reduce to those of the Kerr spacetime in Boyer-Lindquist coordinates (ρ, θ, φ).
III. COORDINATE CHOICES AND EXPANSION IN THE POLAR DIRECTION
The choice of functions f (ρ, ϑ), β(ρ, ϑ), σ(ρ, ϑ), κ(ρ, ϑ), and ω(ρ, ϑ) for a given axisymmetric black hole is not unique. Instead of ρ and ϑ we could in fact choose another couple of coordinates, which are also mutually orthogonal and orthogonal to the coordinates t and φ. Thus, at this stage the coordinates are not fully fixed: a single black hole can be represented by a number of different systems of coordinates within the same initial ansatz (1) . In the end this would produce a nonunique parametrization, when the same black hole could be described by a number of different sets of parameters. To avoid such a degeneracy, we will here impose further conditions which fix the coordinates fully.
In order to describe how to attain such a unique coordinate choice, let us first consider transformations from the initial coordinates (ρ, ϑ) to the new ones (r, θ), such that the new line element is expressed in terms of five metric functions N (r, θ), W (r, θ), K(r, θ), B(r, θ), Σ(r, θ), and has the following form
Comparing the inverse metric components of (1) and (7) we find the following relations
∂r ∂ϑ ,
The last two equations define the relation between the coordinates (r, θ) and (ρ, ϑ). Once one finds r and θ as functions of ρ and ϑ through Eqs. (8e), (8f), it is possible to find the functions N (r, θ), W (r, θ), K(r, θ), and B(r, θ) from Eqs. (8a), (8b), (8c), and (8d), respectively.
Next, we assume that the functions f (ρ, ϑ), β(ρ, ϑ), σ(ρ, ϑ), κ(ρ, ϑ), and ω(ρ, ϑ) are known as series expansion in terms of small parameter Y measuring the distance from the equatorial plane, i.e., defined as Y ≡ cos ϑ. Hence, we have
where the coefficients in the expansion, i.e., f i , β i , σ i , . . . are functions of the radial coordinate only.
Introducing now the small parameter y ≡ cos θ, we can find the corresponding new transformation (Y, ρ) → (y, r) as a series expansion in terms of Y, namely
A few remarks should be made here. First, if all the coefficients α i (ρ) = 0, then θ = ϑ, that is, the two polar coordinates are identical. Second, if all coefficients ζ i (ρ) = 0, then also the two radial coordinates are identical, i.e., r = ρ. Finally and most important, we have here decided to perform a generic expansion in powers of the small parameter cos θ. This choice allows us to consider black holes that are not reflection symmetric across the equatorial plane. This is admittedly a bizarre possibility, but one we want to preserve for generality. In practice, any representation of an astrophysically reasonable black hole would require also the reflection symmetry across the equatorial plane, thus limiting the expansion to even powers of cos θ. Indeed this is what we will do when considering the parametrization of Kerr, dilaton, and EDGB black holes in the following sections. Without loss of generality we can assume that there are observers at spatial infinity that are able to measure the angular momentum J ≡ AM and mass M of the black hole. With this assumption, we are then able to define the coordinates r and θ unambiguous.
More specifically, we first need to fix one of the five metric functions N (r, θ), W (r, θ), K(r, θ), B(r, θ), Σ(r, θ). Out of the five possible choices, we prefer to fix the function Σ(r, θ) as
since this allows us to reproduce the Boyer-Lindquist coordi-nates for the case of a Kerr black hole. This choice is also compatible with asymptotic behavior of the asymptotically flat and axially symmetric metric of a rotating body in the Boyer-Lindquist coordinates
In an astrophysically realistic context, at large distance the gravitational field of a rotating object of any kind should be essentially Newtonian, thus, hiding the details related to the event horizon of an isolated black hole and regime of strong gravity. The addition of extra fields to the black-hole spacetime, e.g., scalar or electromagnetic, would certainly change the asymptotic behavior. Yet, backreaction of such fields onto the background geometry is expected to be negligibly small for astrophysical black holes, thereby, allowing us to consider an isolated black hole as in vacuum.
A more careful analysis reveals that the condition (12) is still insufficient to fix completely the freedom of the coordinate choice. The reason for this is that using Eqs. (8e) and (8f) it is possible to obtain different series for y and r for each different choice of α 0 (ρ). Thus, the function α 0 (ρ) must be fixed in order to achieve the uniqueness of the coordinate transformations (10) . The natural way to fix α 0 (ρ) is to choose an additional condition for the new line element in the equatorial plane in such a way that for the zero rotation we reproduce spherical coordinates. This can be done in various ways, but we here choose to impose a condition on the function K on the equatorial plane. More specifically, we first observe that, multiplying (8b) by any constant C and adding (8c), we obtain
which, in turn, allows us to impose that
It is not difficult to verify that the Boyer-Lindquist coordinates fulfill the above condition. This gives us the unambiguous coordinate choice for r and θ. In summary, in order to transform unambiguously any given coordinates (ρ, ϑ) to the new coordinates (r, θ) we need to 1. define the rotation parameter A ≡ J/M , where J is the total angular momentum and M is the asymptotic mass of the spacetime 1 ;
1 The constant M could be associated with the Arnowitt-Deser-Misner (ADM) mass at spatial infinity if such a quantity can be properly defined. However, because we are not limiting ourselves to asymptotically flat spacetimes where such a quantity is defined, we here consider the more general case in which astronomical observations at large distances from the event horizon but not at spatial infinity can be exploited to measure the constant M .
2. choose r and θ to be mutually orthogonal and orthogonal to the coordinates t and φ;
3. impose that the metric functions satisfy the conditions (12) and (15), namely
The latter condition in fact allows us to fix the function α 0 (ρ) as
so that, from Eqs. (8e) and (8f), we finally find
In analogy with what was done for the expressions (9), we can now invert the series (19) to find the functions Y(r, y) and ρ(r, y) and thus express the metric functions N 2 , W , K 2 , and B 2 in the line element (7) as a series in terms of the new variable y.
IV. PARAMETRIZATION FOR AXISYMMETRIC BLACK HOLES
In order to obtain the proper asymptotic behavior of the newly introduced metric function we need to ensure they satisfy the following behavior at large distances, namely that for r ≫ 1
where M is a constant to be read at a large distance. These conditions on the metric functions obviously imply that the metric is asymptotically flat and spherically symmetric at large distance from the black hole. In principle, these conditions could be violated in a cosmology admitting violation of isotropy, such as the Einstein-Aether theory. Yet, it is evident that local physical processes around black holes cannot be influenced by such cosmological factors while the coupling constant of new interactions (be it vector Aether or any other field) is negligibly small for observations of localized processes. Now that we have performed the coordinate transformations (19) and all the functions are obtained as series expansion in terms of the "angular" variable y = cos θ, it is necessary to introduce the parametrization for the coefficients of the series which are functions of the radial coordinate only. Also in this case there are several different ways in which this can be accomplished. Here, however, we will follow the powerful approach already employed in [17] for the parametrization of a generic black-hole metric in spherical symmetry. More specifically, we first introduce the compact coordinate radial
where r 0 is the black-hole horizon radius in the equatorial plane; i.e., r 0 is the largest solution of the equation
Clearly x ∈ [0, 1], with x = 0 at the black-hole horizon on the equatorial plane (i.e., y = 0) and x = 1 at spatial infinity. Second, we consider the following expansions in terms of the new compact coordinate x,
where from (16)
Our coordinate choice (15) then fixes K 0 to be
Third, in order to satisfy the required asymptotic behavior (20), we define
Note that the coefficients ǫ i , a i0 , b i0 , w i0 , k i0 for i = 0, 1, 2, 3 . . . are fixed in such a way that the expansion (26) matches desired asymptotic behavior near spatial infinity (i.e., x = 1). To make it astrophysically meaningful, the latter should be expressed in the terms of the PPN expansion. Since the tilted functionsÃ i (x),B i (x),W i (x), andK i (x) describe the black-hole metric near its horizon, we here express them in close analogy with what was already done in [17] , and thus parametrize them in terms of Padé approximants in the form of continued fractioñ
where a ij , b ij , w ij , k ij for i = 0, 1, 2, 3 . . ., j = 1, 2, 3 . . . are fixed via a comparison of the series expansions of the metric functions near the black-hole horizon (i.e., x = 0) with their exact analytic expressions or of numerical data when an exact solution cannot be obtained analytically.
To recap: Two different sets of coefficients appear in the approach proposed here for the parametrization of a generic stationary and axisymmetric black-hole metric. The first set is given by the coefficients a i0 , b i0 , w i0 , k i0 , ǫ i (i = 1, 2, 3 . . .), which are fixed by spacetime behavior in the asymptotic region, i.e., x → 1 − . The second set is instead given by the coefficients a ij , b ij , w ij , k ij (j = 1, 2, 3 . . .), which are fixed by the geometry of the black hole near its horizon, i.e., x → 0 + . Needless to say, such a separation of parameters on "near horizon" and "asymptotic" is essential for the comparison of the theoretical predictions with the observational data obtained, either in the far region (e.g., values of PPN parameters) or near the black hole (e.g., study of accretion flows, black hole's shadows, etc.). It should also be noted that the contribution of K i (x) in the definition of A i>0 (x) (26e) allows us to define the asymptotic parameters ǫ i and a i0 , by comparing the asymptotic expansions of the metric component g tt . Without this contribution of K i (x), we would not be able to separate the parameters a i0 and k ij into, "asymptotic" and "nearhorizon" ones, respectively.
It is important to discuss now some essential properties of the continued fraction used in the Padé approximation in (27) , namely, the number of terms N appearing in the continued fractions. To this scope we will consider three different cases.
The first case is the one for which the tilted functionsÃ i (x), B i (x),W i (x), andK i (x) are fractions of two polynomials of r, as it happens, for example, for any of these functions in the case of the Kerr solution. In this case, then, the corresponding expansion (27) contains a finite and small number of terms. In other words, there exist a number N > 0, such that a iN = 0, or b iN = 0, or w iN = 0, or k iN = 0, respectively. In this case, all higher-order terms are obviously not necessary and we refer to this representation as "exact", in the sense that the corresponding metric can be reproduced analytically with only a finite number of coefficients.
The second case is for when the metric functions N (r, θ), W (r, θ), K(r, θ), and B(r, θ) in (7) are not rational functions of r. In this case, then, some or all of the expansions (27) contain an infinite number of coefficients, i.e., N = ∞. Finally, the third case is for when even though N is finite, there is no guarantee that an "exact" representation will be achieved with a small number of coefficients. As a result, in both of these last two cases (i.e., of finite but large and infinite N ), the metric representation will be only approximate and limited to the first n < N terms, setting the n-th equal to zero. We will refer to such approximated metrics obtained by truncating at the n-th term as the "approximation of the (n − 1)-th order".
As a corollary to the previous remark we also note that the n-th coefficient cannot always be set equal to zero in a consistent manner. In some cases, in fact, setting a particular coefficient to zero could imply the divergence of the truncated continued fractions (27) for the corresponding tilted function for some value of r outside the event horizon. To solve this problem within the approximation of the (n − 1)-th order, one should set the (n + 1)-th coefficient equal to zero, and choose an arbitrary value for the n-th coefficient, so that the denominator remains positive definite for all values of the radial coordinate outside the event horizon (i.e., for x > 0). For convenience, in such cases we will take the value of the n-th coefficient to be equal to unity and will refer to these cases as approximations of (n − 1)-th order as well.
As a final remark we note that not all of the parameters so far, i.e., a ij , b ij , w ij , and k ij , are effectively independent. This is because one of the infinite number of functions, i.e., A i (x), B i (x), W i (x), and K i (x), must be fixed by a coordinate choice. We have here used the condition (25) , so that, taking into account the continued fractions (27), yields
In the next section, on the other hand, we will not assume any particular coordinate condition of the type (28), leaving a possibility to fix it in any alternative way.
A. Asymptotic properties
Following the discussion on the asymptotic properties of the parametrized metric made with expression (13), we can deduce the following asymptotic behavior of the line element
Note that in deriving expressions (29) we have also introduced the PPN parameters β and γ [13] and assumed a reflection symmetry across the equatorial plane, i.e., the functions in (23) are taken to depend only on y 2 (i = 0, 2, 4 . . .). Furthermore, adopting the classification made by Thorne in Ref. [20] , metrics of this type are referred to as "Cartesian and mass centered to order 0" (ACMC-0). Clearly, using expressions (29), it is possible to read off the mass M and angular momentum J of the spacetime. We note that although the asymptotic behavior we have chosen is well motivated from an astrophysical point of view, our approach is not limited by any particular choice of asymptotic behavior and can, in principle, be constructed also for axisymmetric black holes having different asymptotic constraints.
Next, for a metric with the asymptotic behavior given by expressions (29), we find that
The asymptotic parameters, a i0 and k i0 for i > 0, are not fixed only by M , J, β, and γ. In particular, the parameter a 20 contains also information on the quadrupole moment of the black hole, which cannot be read off from the asymptotic expansion. This is because the metric with components (26) and with the parameters fixed by expressions (30), is not of type ACMC-1 unless b i1 = 0 and k i0 = 0 for all i > 0. In this latter case, a 20 is related to the multipole I 20 introduced by Thorne in [20] ; in particular, using expression (11.4a) of [20] , we can read off the value of a 20 as
Note that since b i1 are parameters fixed near the black-hole horizon, we are unable to find a general transformation from (7) to an ACMC-1 type of metric and cannot, therefore, express I 20 only in terms of the asymptotic parameters. Nevertheless, as we will show in the next section, a i0 and k i0 can be related to observable quantities in a way similar to what was done for the Geroch-Hansen quadrupole moment of the black hole [21] . In particular, we will compare the orbital-plane precession frequency with the formula derived by Ryan [23] , thus obtaining a definition of the quadrupole moment through the asymptotic parameters only.
V. CIRCULAR GEODESIC IN THE EQUATORIAL PLANE AND MULTIPOLE MOMENTS
Following [23] , we consider a circular geodesic motion in the equatorial plane, i.e., with
and with orbital frequency
where we use a comma to indicate a partial derivative. The energy per unit mass is then given by (see, e.g., [22] )
and, after using expression (33), it can be expressed as a function of Ω only. After replacing in (34) the parametrized expressions for the metric functions, we can derive an expression for the energy per logarithmic interval of frequency in terms of the dimensionless variable v ≡ (ΩM )
2 00
In a similar way, we can obtain a series expansion of the periastron precession frequency Ω r and orbital-plane precession frequency Ω θ , defined as [23] 
where
Collecting terms, we can express the normalized periastron precession and orbital-plane precession frequencies respectively as 
We can now compare expressions (43) and (44) with the corresponding ones obtained by Ryan in general relativity [23] , i.e.,
where M 0 = M , S 1 = J, and M 2 = Q are the first three Geroch-Hansen multipole moments: the ADM mass, the angular momentum and the quadrupole moment, respectively. Bearing in mind that
we obtain [cf. Eqs. (30) for β = γ = 1]
The expression for the quadrupole moment Q through the values of the coefficients as fixed at spatial infinity can be obtained only after measuring the orbital-plane precession frequency (43). Note that in the case in which ǫ 2 = 0, such a frequency (43) does not depend on the PPN parameters that are related to the coefficient a 00 [the fifth term in Eq. (43) is automatically zero in this case]. This property suggests that the expression (49) derived in general relativity remains the same also for non-Einsteinian theories. Indeed, as we will discuss in Sec. VII, it provides the correct answer for the Einsteindilaton-Gauss-Bonnet black holes. On the other hand, the expressions for the energy per logarithmic frequency interval (35) and for the orbital-plane precession frequency (44), allow us to obtain those higher-order PPN parameters that are encoded, within our formalism, in the values of the coefficients A 0 (1),B 0 (1), andK 0 (1).
On the basis of these considerations we conclude that the quadrupole moment of the black hole in our parametrized metric can be measured by fitting the equatorial-plane precession frequency for a circular orbit (43). Quite generically, the latter depends on three coefficients that are fixed asymptotically: a 20 , k 00 , and k 20 (w 20 = 0 to match the results by Ryan [23] ). In general relativity, similar coefficients, M * 2 and B 0 , were introduced in Ref. [24] and are related to these coefficients as
In particular, for the Kerr metric one has that
Note that unlike in [24] , the value of k 00 is fixed here by our coordinate choice. One could choose coordinates such that k 00 would assume a different value, but this would not alter the final value of Q, as it is easy to verify after substituting the corresponding values of a 20 and k 20 in (49). As a result, with our choice of coordinates leading to expressions (28), we will always have k 00 = a 2 /r 2 0 , so that the quadrupole moment is completely determined by the coefficient a 20 .
VI. PARAMETRIZED REPRESENTATION FOR THE ROTATING DILATON BLACK HOLE
This section is dedicated to the explicit calculation of the coefficients needed for the representation of the parametrized metric that approximate the rotating dilaton black-hole spacetime (6) [19] . This is an important test of our approach and an example of a metric that is more complex than the Kerr solution.
We first substitute (6c)-(6e) in (18) and taking into account that A = a for a dilaton black hole, we find that
while from expressions (8) obtain the relations
(56f)
These expressions coincide up to O(a 2 ) with the slowly rotating metric already described in [17] . Furthermore, since N does not depend on y, the relation
defines the event horizon and reduces to expression (55) of [17] when terms of O(a 2 ) are neglected. By comparing the series expansion of (23) and (56) near spatial infinity (i.e., x = 1) we find that
which, by comparison with (30), give correct values for the ADM mass M and the angular momentum J, namely
and reproduce the same PPN coefficients as for the nonrotating case [17] ,
We also we find that
while all the other asymptotic parameters are zero, except for k 00 , which is given by
From expression (49), we find the expected result that the quadrupole moment is given by
for any value of b. Finally, by comparing the series expansion of (23) and (56) near x = 0 we find that
, (60b)
and so on. Clearly, a 01 , b 01 , and w 01 coincide with the corresponding parameters of the slowly rotating dilaton black hole.
As a final remark, we reinforce a statement already made in Sec. IV. While the line element of the Kerr spacetime can be reproduced exactly within the proposed parametrization with a finite number of terms of the Padé expansion, this does not seem to be possible for the dilaton black hole, whose metric functions are not a ratio of polynomials in powers of r, but rather contain square roots of polynomials.
A. Testing the parametrization in the equatorial plane: The binding energy
Although the parametrization suggested here can be used for generic investigations of the physics of black holes, our main interest is to find a general parametrization for a rotating black-hole spacetime which allows us to model processes connected to electromagnetic emission from matter accreting onto the supermassive black-hole candidate at the center of our Galaxy [26] . Because of this, it is important to test the ability of our parametrization in describing accurately radiative processes near the event horizon and, for instance, the formation of a shadow. This will be the focus of a forthcoming companion paper [28] , but some preliminary estimate can already be presented here in terms of the calculation of the simplest basic quantity entering in the physics of accretion flows onto black holes: the binding energy of a particle moving on a circular orbit.
To this scope, we calculate the energy of the particle at the innermost stable circular orbit (ISCO) and thus the binding energy as the amount of energy released by the particle going over from a given stable circular orbit located at r 0 over to the ISCO at r ISCO , i.e.,
where the initial circular orbit r 0 is normally considered to be at spatial infinity but needs not be. The binding energy of massive test particles is rather sensitive to the black-hole properties and in Ref. [27] it was calculated for a number of deformed black-hole spacetimes. We here recall that in the case of an extremal Kerr black hole it equals ≃ 3.8% for counterrotating particles and ≃ 42% for corotating ones, while it is ≃ 5.7% for a Schwarzschild black hole. The binding energy also increases above 40%, when the dilaton b ranges from 0 to 1.
Defining the four-momentum of a massive particle as
where s is an invariant affine parameter, we also recall that in a stationary, axisymmetric metric there are three integrals of motion which can be related to the particle's rest mass m, to its energy E = −p t , and its angular momentum L = p φ . The normalization condition on the four-momentum
leads to the following relation in the equatorial plane
where the effective potential is defined as
The energy E and momentum L of a particle on a circular orbit at radial position r can then be determined from the requirements that
where ′ indicates a derivative in the radial direction. Once the expressions for L(r) and E(r) have been obtained in this way, the position of the ISCO is computed from the additional condition V ′′ eff (r) = 0 and then to compute the value of the energy at the ISCO E(r ISCO ), and hence the binding energy as in expression (61) 2 . Table I reports the binding energies as computed at different orders in the radial (continued-fraction) expansion for a nonrotating black hole with a dilaton field b. The last column refers to the exact solution, i.e., to the metric (6) . Clearly, the convergence in the spherically symmetric case is excellent and the first order is sufficient to obtain a relative error which is ∼ 10 −4 in the most extreme case of b = 1. This relative error in the binding energy further reduces to ∼ 10
when considering the expansion at fourth order; clearly these uncertainties are far smaller than what is to be expected from astronomical observations.
The convergent behavior is only slightly less good when rapid rotation is introduced. This is collected in Table II , which refers to a rotating dilaton black hole with a = 0.5µ (upper rows) and a = 0.95µ (lower rows), and where the left columns refer to corotating particles, while the right ones to counterrotating particles. In particular, at second order the errors are about ∼ 10 −4 and ∼ 10 −3 and for a = 0.5µ, b = 1 and a = 0.95µ, b = 1, respectively. We note that as the binding energy of a quasiextreme rotating dilaton black hole reaches its maximum of 42% for a ≃ 0.99999µ, reproducing this limiting value with the parametrization would apparently require an expansion up to very high orders in the radial direction. However, since in the equatorial plane the Kerr spacetime (i.e., b = 0) is reproduced exactly already at the first order of the continued fraction, the value of binding energy coincides with the exact binding energy.
VII. PARAMETRIZED REPRESENTATION FOR ROTATING EDGB BLACK HOLES
While a rotating dilaton black hole corresponds to an essentially Einsteinian theory of gravity with an extra field, a theory containing higher-curvature corrections represents a genuinely non-Einsteinian gravitational theory. In higher than four dimensions, the second order in curvature term (or Gauss-Bonnet term) is the dominating one. In a fourdimensional (D = 4) spacetime as the one considered here, Table I , but for a rotating dilaton black hole with a = 0.5µ (upper rows) and a = 0.95µ (lower rows). The left columns refer to corotating particles, while the right ones to counterrotating particles. For all the cases considered, the polar expansion was kept at the order in cos 2 θ (i.e., at cos 4 θ), since higher orders are zero for a dilaton black hole.
the Gauss-Bonnet term is invariant and leads to solutions of the Einstein equations that are not affected unless the dilaton is coupled to the system. Although an exact solution is unknown for such D = 4 rotating dilaton-Gauss-Bonnet black holes, an approximate metric has been deduced in the regime of slow rotation [25] . In this case the solution has two small parameters
where α and β are the two coupling constants Einsteindilaton-Gauss-Bonnet theory, with the first one being related to the coupling of higher curvature, while the second one accounts for the coupling with the scalar field. After some algebra, the metric functions up to the order O(χ 3 , ζ 2 ) are given by [25] 
The event horizon in these coordinates is a sphere with radius
We note that the new coordinates (A = M χ) are
where the correction ∝ χ 2 ζ can be found as a series expansion with respect to Y. Moreover, we have found that ∀ρ > 2M , and the following conditions are satisfied
which can be interpreted as a signal of the absolute convergence of the series for all |Y| ≤ 1.
The relation between the coordinates (y, r) and (Y, ρ) is given by
so that the location of the horizon in the equatorial plane is given by
As a result of the coordinate transformations (77) and (78), we obtain 
(iii) a Gauss-Bonnet-dilaton black hole, which is reproduced approximately but at any desired accuracy.
The accuracy of the parametrization has been validated after comparing the values of the binding energy for test particles moving on circular geodesic orbits around a dilaton black hole with the exact ones. Even in the most extreme (and realistic) cases considered, e.g., for a spin of a = 0.95µ and a dilaton field b = 1, the relative errors already at the second order are about ∼ 10 −3 , and further decrease as the order of the continued fraction is increased. Moreover, even for nearextremal rotation, the convergence of the continued fraction is still very good, being excellent in the equatorial plane, where it is reached already at the few first orders of the Padé approximation.
An important question which we have not addressed here, but that is investigated in detail in a companion paper [28] , is about how many orders of the polar and radial expansions are needed for an accurate description of physical processes outside the equatorial plane of the black hole. Although a precise answer obviously depends on the particular spacetime under consideration, some general statements can be made already here. In particular, when considering the shadow cast by various black-hole metrics, we have found that the radial expansion through the Padé approximation is always convergent. Furthermore, the polar expansion leads to the exact solution at the second order for Kerr and dilaton black holes, while higher-order convergence is observed for EDGB black holes and the Johannsen-Psaltis metric. We expect therefore that the parametrized approach presented here will be useful not only to study generic black-hole solutions, but also to interpret the results that will soon be made of the radio emission from the center of our Galaxy.
Parameter(s)
Constrained Value Description ǫ0, k00, w00 asymptotically · · · related to black-hole mass and angular momentum ǫ2, b20, w20, k20 asymptotically 0 for astrophysically realistic black holes a00, b00 asymptotically 0 from current PPN estimates a20 asymptotically · · · related to the quadrupole moment a01 event horizon · · · related to the deformation of gtt a21, k21 event horizon · · · related to the deformation of event horizon w01, w21 event horizon · · · related to the rotational deformations of the metric b01, b02 event horizon · · · related to the deformation of grr TABLE III. Summary of the properties of the various coefficients appearing in the lowest-order expression of the parametrized axisymmetric metric (A1)-(A6). For each coefficient we report the regime where it is constrained, its value (when available), and the physical significance.
(i.e., ǫ 0 , k 00 , w 00 , ǫ 2 , b 20 , w 20 , k 20 , and a 20 ), or by the conditions of the metric near the black-hole event horizon (i.e., a 01 , a 21 , k 21 , w 01 , w 21 , b 01 , and b 21 ). More specifically, the three coefficients ǫ 0 , k 00 , and w 00 can be expressed in terms of radius of the event horizon on the equatorial plane r 0 , of the asymptotic mass M , and of the rotation parameter A as In order to restore spherical symmetry at large distances at the first PPN order, the coefficients ǫ 0 and b 20 must vanish, while the coefficient k 20 must vanish to maintain an asymptotic spherical symmetry at the second PPN order, i.e., in order to to have
Furthermore, if we exclude the rather exotic situation in which the angular momentum of the black hole depends on the polar angle θ, i.e., on the position of the observer relative to the equatorial plane, then also the coefficient w 20 must vanish as well. As a result, the following additional conditions can be imposed on the coefficients ǫ 2 , b 20 , w 20 , and k 20 for astrophysically realistic black-hole solutions (30e) Next, we turn to the coefficients a 01 , a 21 , b 01 , b 21 , k 21 , w 01 , and w 21 , which describe the near-horizon behavior of the metric. In particular, the coefficients a 21 and k 21 describe deformations of the event horizon and, if the latter is assumed to be spherical, must satisfy the condition a 20 + a 21 + k 21 = 0 .
The coefficients b 01 and b 21 , on the other hand, correspond to deformations of the g rr metric function and are not expected to play an important role in the dynamics of matter near the event horizon 3 . Finally, the coefficients w 01 and w 21 are related to the rotational deformations of the metric, while a 01 gives the PPN potential of the system. Table III offers a synthetic summary of the various properties of the coefficients, of their values, and how they are constrained.
Parametrized Kerr metric
We first discuss the explicit form of the parametrized metric for a Kerr black hole as obtained at first order in the radial direction and at second order in the polar direction [i.e., at O(cos 2 θ)]. After setting M and A to be, respectively, the mass and the specific angular momentum, i.e., A = a = J/M , we obtain that the event horizon is defined as . 3 The properties of processes occurring on the equatorial plane, such as those related to the position of ISCO or to the form of the effective potential for particle motion (65), do not depend on the functions B(r, θ), and thus on the coefficients b 01 and b 21 .
